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Approximate analytical solution of simpliﬁed Navier–Stokes and Fourier–Kirchhoﬀ equations de-
scribing free convective heat transfer from isothermal surface of horizontal conic of the base angle a has
been presented. The solution is based on the typical for natural convection assumption that the normal to
the surface component of velocity is negligibly small in comparison with the tangential one. The results
obtained for boundary cases of conic under considerations are in good agreement with known solutions for
a horizontal cylinder a ¼ p=2 and a vertical round plate a ¼ 0.
 2003 Elsevier Inc. All rights reserved.1. Introduction
The results of theoretical and experimental study of free convective heat transfer from diﬀerent
conﬁgurations of heating objects are widely published and they are very useful to determine
convective heat losses from apparatus, devices, pipes in industrial or energetic installations,
electronic equipment, architectonic objects and so on by engineers and designers. Unfortunately
the available data are not complete. There are many publications on ﬂat (vertical, horizontal and
inclined) surfaces as well as cylindrical and spherical ones. From the analysis of literature data it is
obvious that for conical conﬁgurations of heating surface one can only ﬁnd a few papers for
example [1–7]. In the review Churchills paper [8], among about 120 results there are only four that* Corresponding author. Tel./fax: +48-58-347-2410.
E-mail address: wlew@atlis.chem.pg.gda.pl (W.M. Lewandowski).
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paper (Oosthuizen [7]), we decided to continue such investigations and maybe extend this subject.
Moreover in [7] only experimental studies have been performed.
We started from a vertical cone [2]. In this paper we proposed a solution based on the cylin-
drical symmetry with respect to the gravity force direction. To build the solution we used our
former results for inclined isothermal plate. We veriﬁed the solution experimentally for two ﬂuids
(air and water) and six conics of diﬀerent base angle.
The presented paper is devoted to the theoretical solution of the problem of the description of a
boundary layer near the isothermal surface of horizontal conic. The horizontal position of the
cone does not allow to apply the above mentioned approach, because of symmetry break by the
gravity ﬁeld. The proposed physical model of the ﬂow is based on boundary layer approximations
made in the momentum and energy equations, which permit only convective tangential heat and
momentum transfer. To apply such a model for the investigated geometry related to the gravity
ﬁeld direction (horizontal cone), we use two kinds of coordinates: cylindrical coordinate system
coupled with the cone surface and the special local one. The choice of the local coordinate system
is motivated by the physical model in which the coordinate curves are connected with stream lines.
This statement is in good agreement with a picture of the pattern ﬂow we observed directly [9].
The tangent vector of the curve is directed along the sum of the surface interaction force and the
gravitation ones.
We consider an approximate analytical solution of simpliﬁed convective ﬂow induced by an
isothermal conical body with horizontal axis of symmetry. The choice of the coordinate system in
the frame of the typical for laminar natural convection simpliﬁcations and for Pr  1 allows to
diminish the number of basic equations. After transformations the basic set of two equations for
the thermal boundary layer results in the ordinary diﬀerential equation of second order with a
singularity. As the method of solution we use power series expansion near the point of singularity
of the basic equation for the boundary layer thickness as a function of local coordinates.2. The physical model
The geometrical and physical variables for natural convection heat transfer from a horizontal
isothermal conic with proposed notations have been shown in Fig. 1. The base angle a is a pa-
rameter of a conical surface which varied from a ¼ p=2––horizontal cylinder to a ¼ 0––round
vertical plate.
The isothermal lateral conic surface is described by the equationx2 þ y2  z2 cot2ðaÞ ¼ 0: ð1Þ
Each point on this surface 06 z6H is described by x, y, z that satisfy (1) or by q ¼ z cot a and
, wherex ¼ q sinðÞ; y ¼ q cosðÞ: ð2Þ
At every arbitrary point M of lateral conical surface R one may distinguish two tangent vectors
sq and s and one normal r to surface.
ρFig. 1. Coordinate system of the isothermal horizontal conical surface transferring heat by free convection.
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or
o
; where r ¼ rðx; y; zÞ 2 R; ð3Þ
sqx ¼ oxoq ¼ sinðÞ; sqy ¼
oy
oq
¼ cosðÞ; sqz ¼ ozoq ¼ tanðaÞ;
sx ¼ oxo ¼ q cosðÞ; sy ¼
oy
o
¼ q sinðÞ; sz ¼ ozo ¼ 0:
ð4ÞWe have introduced coordinates r, s that, from the point of gravity forces, look more natural
for our problem. Decomposition of the gravity according to these coordinates gives two com-
ponents of gravity force gr and gs that act in normal and in a tangent direction to the lateral
surface of the conic.
The unit vector r, connected with sq and s, was calculated as followsr ¼ N
N
; ð5Þ
where the direction and parameter of the normal to the surface vector areN ¼ sq  s ¼ ıðq tan a sin Þ þ jðq tan a cos Þ  qk; N ¼ q
cos a
; ð6Þ
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The choice of the coordinate system in Fig. 1 gives the vector of acceleration of gravity as
g ¼ ðg; 0; 0Þ ¼ ıg, which together with (7) gives the projection to the gravity ﬁeld of the normal
vector rg ¼ ðg; rÞ ¼ g sin a sin . The tangent unit vector can be calculated in a similar manner
to r:s ¼ ıð1 sin
2 a sin2 Þ þ j sin2 a sin  cos  k cos a sin a sin ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 sin2 a sin2 
p : ð8ÞLet the unit vector s deﬁnes a curve S on the surface. At any pointMi the components of gravity
gr and gs are the normal and tangent ones to this curve S (Fig. 2). For the limiting cases
(a ¼ p=2––horizontal cylinder) or (a ¼ 0––vertical round plate) the curves of longitudinal sections
of the conic transfer into cross-sectional circles of the cylinder or into chords of the round vertical
conic base.
The property of gravity and surface reaction ﬁelds caused that we decided to consider and solve
the equations: Navier–Stokes, Fourier–Kirchhoﬀ and continuity in these two characteristic
directions r and s.
In this notation and after typical for natural convection assumptions according to Squire [10]
and Eckert [11] (see also [12]):
• ﬂuid is incompressible and its ﬂow is laminar,
• inertia forces are negligible small in comparison with viscosity forces,
• thicknesses of the thermal and hydraulic boundary layers are the same ðPr  1Þ, the Navier–
Stokes equations may be written,
• physical properties of the ﬂuid (the mass density qf , kinematic viscosity m and volumetric
expansion b) in boundary layer and in the undisturbed region (index 1) are constant,Fig. 2. Curve S shapes for a horizontal cone.
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cantly larger than normal one Ws  Wr. From this assumption two marginal regions are ex-
cluded: ﬁrst where the boundary layer arises  ¼ m and the second where it is transferred
into the free buoyant plum  ¼ m,
• temperature of the lateral conical surface Tw is constant,
• the temperature distribution inside the boundary layer can be used as a solution of Fourier–
Kirchhoﬀ equation [10,11] that depends on only the variable of normal distance from the heat-
ing surfaceH ¼ T  T1
Tw  T1 ¼ 1

 r
d
2
or T  T1 ¼ DT 1

 r
d
2
: ð9ÞThe basic Navier–Stokes equations with such assumptions about the natural convective ﬂuid
dynamics are as followsm
o2W s
or2
 gsbðT  T1Þ  1qf
op
os
¼ 0; ð10Þ
grbðT  T1Þ  1qf
op
or
¼ 0: ð11ÞFrom Eqs. (6) and (8) we can evaluate the normal and tangent components of gravity asgr ¼ r  g ¼ g sin a sin ; ð12Þ
gs ¼ s  g ¼ g
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 sin2 a sin2 
p
: ð13ÞPlugging (12), (13) and (9) into (10) and (11) givesm
o2Ws
or2
 gbDT 1

 r
d
2 ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 sin2 a  sin 
p
 1
qf
op
os
¼ 0; ð14Þ
gbDT sin a sin  1

 r
d
2
¼ 1
qf
op
or
: ð15Þ3. Boundary conditions and solution
Integration of Eq. (15) for the boundary condition r ¼ d, p ¼ p1ðrP dÞ gives a formula for the
pressure distribution in a boundary layer directed tangent to the heating surface.p ¼ p1ðrP dÞ  qf gbDT sin a sin  r

 r
2
d
þ r
3
3d2
 d
3

: ð16ÞPressure p1ðrP dÞ represents the excess of pressure over the hydrostatic pressure, existing on the
border of the boundary layer on the following level, which is a function of ﬂuid layer thickness
over the heating surface. Because our considerations are concerned with unlimited space the
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the pressure p1ðrP dÞ is constant.
Diﬀerentiating Eq. (16) with respect to s givesop
os
¼ op
o
o
os
; ð17Þ
whereop
o
¼ gbDT sin a cos  r

 r
2
d
þ r
3
3d2
 d
3

þ sin  r
2
d2

 2r
3
3d3
 1
3

dd
d

: ð18ÞCalculation of the derivative o=os is more complicated and needs some explanations shown in
Appendix A. The result of the calculation is (A.6)d
ds
¼ ðcos Þ
cos2 aþ1
q0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 sin2  sin2 a
p : ð19Þ
Substitution of (19) and (18) into (17) givesop
os
¼qf gbDT sina
ðcos Þcos2 aþ1
q0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 sin2  sin2 a
p cos  r  r2
d
þ r
3
3d2
 d
3

þ sin  r
2
d2

 2r
3
3d3
 1
3

dd
d

:
ð20Þ
Plugging of the equality (20) into Eq. (14) leads tom
o2Ws
or2
þ qf gbDT
8><
>: 1

 r
d
2 ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 sin2 a sin 
p
þ sin aðcos Þ
cos2 aþ1
cos 
q0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 sin2ðÞ sin2ðaÞ
q
 r r
2
d
þ r
3
3d2
 d
3
 
þ sin  r
2
d2
 2r
3
3d3
 1
3
 
dd
d
9>=
>; ¼ 0: ð21ÞFor the boundary condition (for r ¼ 0 and d, Ws ¼ 0) a double integration of Eq. (21) allows
the evaluation of the formula of local and next mean velocity in boundary layerWs ¼ 1d
Z d
0
Wsdr ¼ gbDTd
2ðcos Þcos2 aþ1
m
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 sin2  sin2 a
p
 
 1 sin
2  sin2 a
40ðcos Þcos2 aþ1
þ sin a cos d
180q0
þ sin a sin 
72q0
dd
d
!
:
ð22Þ
Taking into account the choice of the unit vector direction the change in mass ﬂow intensity isdm ¼ dðqf AWsÞ; ð23Þ
where A is the cross-section area of the boundary layer (see Fig. 3). The amount of heat necessary
to create this change in mass ﬂux isdQ ¼ Didm ¼ qf cpðT  T1ÞdðAWsÞ: ð24Þ
ldl
S(ρ0)
ρ0
σ
=0 
dτ
A
δ
(σ x τ)
τ
dAk
ρ0 + dρ0
S(ρ0 + dρ0)
dξ
 
Fig. 3. Pictorial presentation of construction: A, dAk on conical surface.
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Z d
0
DT 1

 r
d
2
drg ¼ DT
3
; ð25ÞgivesdQ ¼  1
3
qf cpDT dðAWsÞ: ð26ÞThe heat ﬂux described by Eq. (26) may be compared with the heat ﬂux determined by
Newtons equation (27):dQ ¼ aDT dAk ¼ k oHor
 
r¼0
DT dAk; ð27Þwhere dAk is the control surface of the conic (see Fig. 3).
From simplifying assumption of the temperature proﬁle inside boundary layer (9), the di-
mensionless temperature gradient on the heated surface may be evaluated asoH
or
 
r¼0
¼  2
d
: ð28ÞPlugging the boundary condition (28) into Eq. (27) and equating the result with Eq. (26), one
obtains dependence (29)1
6k
qf cpddðAWsÞ ¼ dAk: ð29Þ
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in Fig. 3. As one can see in this ﬁgure, the diﬀerential width dn of the control surfaces A and dAk
is the module of the scalar productdn ¼ j½r sdrj; ð30Þ
where the vector product of normal (7) and tangent (8) to the surface vectors is½r s ¼ 0;  cos aﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 sin2 a sin2 
p ;  sin a cos ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 sin2 a sin2 
p
 !
: ð31ÞDiﬀerentiation of the three dimensional coordinate vector r ¼ rðx; y; zÞ (3) with the account of
relations (2) and Eq. (A.3) leads to a relation for the diﬀerential form of this vectordr ¼ dq0ðcos Þ cos
2 aðsin ; cos ; tan aÞ: ð32ÞPlugging Eqs. (31) and (32) into (30) allowed to found the width (33) and next the relations
for the cross-sectional area A as well as control surface dAkdn ¼ ðcos Þ
1cos2 a
dq0
cos a
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 sin2 a sin2 
p ; ð33Þ
A ¼ dnd ¼ ðcos Þ
1cos2 a
dq0d
cos a
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 sin2 a sin2 
p ; ð34Þ
dAk ¼ dnds ¼ ðcos Þ
2cos2 aq0 ddq0
cos a
: ð35ÞSubstituting Eqs. (22), (34) and (35) into Eq. (29) leads to the nonlinear diﬀerential equationKdd X1d
3

þ X2 d
4
q0
þ X3 d
3
q0
dd
d

¼ X4q0 d; ð36ÞwhereK ¼ RaR
240R3
¼ qf cp
240k
gbDT
m
; RaR ¼ gbDTR
3
ma
; ð37Þ
X1 ¼ ðcos Þ1cos
2 a
; ð38Þ
X2 ¼ 2
9
ðcos Þ3þcos2 a sin a
ð1 sin2 a sin2 Þ ; ð39Þ
X3 ¼ 5
9
ðcos Þ2þcos2 a sin a sin 
ð1 sin2 a sin2 Þ ; ð40Þ
X4 ¼ ðcos Þ2 cos
2 a
: ð41Þ
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q20X4
Kd3
: ð42Þ
Let us introduce the new variablesyðÞ ¼ dK1=3; r ¼ q0K1=3; ð43Þ
so Eq. (42) has the formy4ðÞE o
oyðÞ
o
o
þ 3y3ðÞE oyðÞ
o
2
þ y3ðÞ oyðÞ
o
Gþ y5ðÞH þ y4ðÞF
¼ r2ð1 sin2 a sin2 Þ cos2 cos2 a ; ð44Þwhere the coeﬃcients are deﬁned byE ¼ X3ð1 sin2 a sin2 Þ ¼ 5
9
cos2þcos
2 a  sin a sin ; ð45Þ
G ¼ ½yð4X2 þ X 03Þ þ 3X1rð1 sin2 a sin2 Þ
¼ 3ðcos1cos2 a Þrðcos2 þ cos2 a cos2  cos2 aÞ þ 8
9
ðcos3þcos2 a  sin aÞyðÞ; ð46Þ
H ¼ X 02ð1 sin2 a sin2 Þ
¼ 2
9
sin  sin a
sin2 a sin2  1 cos
2þcos2 a ðsin2  cos4 aþ 3 cos2 aþ cos2 Þ; ð47Þ
F ¼ X 01rð1 sin2 a sin2 Þ ¼
r sin2 að1 sin2 a sin2 Þ
coscos2 a 
sin : ð48ÞA search for explicit analytical solutions seems to be rather diﬃcult. Below we consider an
asymptotic solution as a power series in the vicinity of the point  ¼ 0. This point is the singularity
point of the equation: the coeﬃcient by the second derivative is equal to zero when  ¼ 0. The
formal Taylor series expansion isyðÞ ¼
X1
i¼0
cii ¼ yð0Þ þ gþ f 2=2þ    : ð49ÞThe coeﬃcients of the expansion we determine directly from the diﬀerential equation (44) in the
point  ¼ 0. The equation gives connection of all coeﬃcients with the ﬁrst one yð0Þ.
In such assumptions the unique parameter yð0Þ is deﬁned via the boundary condition yðmÞ ¼ 0
in the point  ¼ m ¼ arccosðq0=RÞ.
The coeﬃcients f , g and yð0Þ as functions of the parameters r and a are evaluated in the
Appendix B. The approximate values of the coeﬃcients areg ¼ 1
3
r
y3ð0Þ ; ð50Þ
f ¼  1
3
r2
y7ð0Þ ; ð51Þ
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ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1
2
1
6
þ 1
6
ﬃﬃﬃ
7
p 
r½p 2 arcsinðq0=RÞ4
s
: ð52ÞThe last of them is the boundary layer thickness at the point ð ¼ 0Þ.4. Analysis of the solution
From Eq. (B.15) returning to the original dimensions for the boundary layer thickness in the
approximation of Eq. (49) yields the form described by the relationdðÞ ¼ 240q0R
3
Ra
 1=4 ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1
12
ð1þ
ﬃﬃﬃ
7
p
Þ½p 2 arcsinðq0=RÞ
4
r 
þ 
3
1
12
ð1þ
ﬃﬃﬃ
7
p
Þ½p 2 arcsinðq0=RÞ
 3=4  2
6
1
12
ð1þ
ﬃﬃﬃ
7
p
Þ½p 2 arcsinðq0=RÞ
 7=4!;
and next, numericallydðÞ ¼ q0R
3
Ra
 1=4
ð2:9222ðp 2 arcsinðq0=RÞÞ1=4 þ    :Þ
   
 
þ 3:2061
ðp 2 arcsinðq0=RÞÞ3=4
 5:2764
2
ðp 2 arcsinðq0=RÞÞ7=4
!
: ð53ÞThe results of evaluation of the dimensionless boundary layer thickness d0 ¼ d=R as a function
of the angle  and the parameters: dimensionless variable q00 ¼ q0=R and Rayleigh number Ra is
presented in Fig. 4.
The approximate solution obtained describes the structure of boundary layer and streamlines
near horizontal isothermal conical surface. This solution is the ﬁrst approximation (parabolic one)
of the Taylor series at  ¼ 0 (near the points of the horizontal plane that intersect the conic). The
applied method allows to increase the number of terms in the series and hence to improve the
accuracy of a solution. We do understand that the divergence of the series grows together with
increase of . We studied a matching of the series (49) with additional asymptotic expansion at the
point  ¼ m. The expansion has the form P ðþ mÞð1þ aðþ mÞ þ bðþ mÞ2 . . .Þ. In the ﬁrst
approximation one has the function Pðþ mÞ ¼ Aðþ mÞ1=4 that coincides with the classical
solution for vertical isothermal plate. However, we do not place the results of the matching here
because of the dimension of the article. Moreover, the account of this additional expansion
changes the result only in small vicinity of the point  ¼ m. We believe that the heat transfer
coeﬃcient also does not change much that is conﬁrmed by our preliminary evaluations.
The construction of such a solution without the account of the factor P ðþ mÞ is obviously an
asymptotic one. It is important in the vicinity of the point  ¼ m where the heat transfer co-
eﬃcient h which is proportional to 1=d that leads to the incorrect behavior and divergence while
the coeﬃcient is integrated. Here in the evaluation results given below we cut the integrals and
hence normalize the heat transfer coeﬃcient at some base angle of the cone.
Fig. 4. (a, b) Boundary layer thickness calculated from Eq. (53), (c, d) boundary layer thickness calculated from
Eq. (53), (e) boundary layer thickness calculated from Eq. (53).
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ledge of the boundary layer shape ﬁeld near the heated surface one can determine the distribution
of the convective heat transfer coeﬃcient and next calculate the convective heat ﬂow. This co-
eﬃcient should be integrated over the surface that leads to the criterion relation Nu ¼ CRan.
Nusselt number is dimensionless form of the overall heat transfer coeﬃcient h for the lateral
surface of the cone, described by the relation Nu ¼ hD=k, in which D is the diameter of the cone
base and k is the thermal conductivity.
On the base of the presented in this paper theory we numerically calculated the constant in
Nusselt-Rayleigh relation C ¼ Nu=Ra0:25 for given values of the angles of the cone base: a ¼ 0,
10, 20, 30, 40, 45, 50, 60 and 70. The results are following: C ¼ 0:763, 0.761, 0.755, 0.746,
0.729, 0.716, 0.696, 0.617 and 0.435 respectively. We veriﬁed the proposed physical and mathe-
matical model of convective heat transfer from an isothermal horizontal conic by a comparison of
the results of this model for the three cones (a ¼ 30, 45 and 60) with the experiment [9]. The
theoretical solutions diﬀers from experimental results for air: Cexp ¼ 0:749 for a ¼ 30,
Cexp ¼ 0:742 for a ¼ 45 and Cexp ¼ 0:677 for a ¼ 60 in the relative magnitude +0.4%, +3.5% and
)8.2% respectively.5. Conclusions
We conclude that the mathematical modelling of the convective heat transfer from the hori-
zontal, isothermal conical surface could be provided by the analytical solution of the Navier–
Stokes and Fourier–Kirchhoﬀ equations with typical for laminar natural convection assumptions.
The use of the asymptotic expansion near the vicinity of the (medium) horizontal plane allows to
derive an explicit expression for the local heat transfer coeﬃcient. The expansion describes the
phenomenon in a compact form but contain the non-integrable singularity in the starting point of
the boundary layer. This discrepancy should be corrected by additional asymptotics to be matched
with the ﬁrst one [13]. We consider this as a perspective in our investigations. Here we neglect some
small interval adjacent the point of the boundary layer beginning when integrate over the cone
surface, deriving the expression for the Nusselt-Rayleigh relation. The comparison with the known
case (round plate) and experiments give a reasonable approval of our modelling. We consider this
as a veriﬁcation of the proposed approach including the mathematical aspects of the model.Acknowledgements
We would like to thank O. Kisielov for a helpful comment about the asymptotic solution of our
problem.Appendix A
Diﬀerentiating Eq. (2) gives a tangent vector projection to the curve S (Fig. 2)dx
d
¼ dq
d
sin þ q cos  dy
d
¼ dq
d
cos  q sin  dz
d
¼ dq
d
tan a: ðA:1Þ
S. Leble, W.M. Lewandowski / Appl. Math. Modelling 28 (2004) 305–321 317Because the ratio of coordinates of the vector s (8) and (A.1) should be constant sxðd=dxÞ,
syðd=dyÞ, szðd=dzÞ so one can found the diﬀerential equation (A.2) of the curve and next after
its integration the relation (A.3)dq
d
¼ q cos2 a tan ; ðA:2Þand after integrationq ¼ q0ðcos Þ cos
2 a
; ðA:3Þ
where q0 is the integration constant that have the geometrical sense of the distance between the
parallel vertical planes. One of them contained the symmetry axis and the second one cuts the base
of conic in points  ¼ m. The family of the curves S can be also parametrized by the distance
q0 (see Fig. 2).
Introduction of the relation q ¼ l cos a into (A.3) givesl ¼ q0ðcos Þ
 cos2 a
cos a
: ðA:4ÞFor a diﬀerential of Eq. (A.4) one has:dl ¼ q0ðcos Þ cos
2 a1
sin  cos ad: ðA:5Þ
From the Pythagorean theorem ds2 ¼ dl2 þ ðqdÞ2 (see Fig. 5) and (A.5) one can ﬁndd
ds
¼ ðcos Þ
cos2 aþ1
q0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 sin2  sin2 a
p : ðA:6Þl
l+dl
S
ρ
=0
d
τ
 
τρ
dl
dτρd
ρ
ρ
d
τg
a” 
„
a” 
„
Fig. 5. The graphical relation between dl, qd and dsg on the curve S.
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Let us evaluate the ﬁrst derivative of yðÞ at the point ð ¼ 0Þ. We start from Eq. (44) at this
pointy3ðÞ oyðÞ
o
G
 
¼0
¼ 1
9
y3ð0Þ oyðÞ
o
 
¼0
ð27r þ 8yð0Þ sin aÞ ¼ r2; ðB:1Þand solve Eq. (44) with respect to g ¼ oyðÞo
h i
¼0g ¼ oyðÞ
o
 
¼0
¼ 9r
2
ð27r þ 8ðsin aÞyð0ÞÞy3ð0Þ : ðB:2ÞNext we should evaluate the second derivative of yðÞ at the point  ¼ 0. For this aim we
diﬀerentiate Eq. (B.2) and then solve the result with respect to f ¼
h
ooyðÞo
o
i
¼0
. The results of the
diﬀerentiating for all coeﬃcients of Eq. (44) ared
d
E
 
¼0
¼ 5
9
sin a; ðB:3Þ
d
d
G
 
¼0
¼ 8
9
g sin a; ðB:4Þ
d
d
H
 
¼0
¼ sin a; ðB:5Þ
d
d
F
 
¼0
¼ 1
40
rð1 cos2 aÞ: ðB:6ÞThe results of the substitution into terms of Eq. (44) ared
d
ðy4ðÞEÞ o
oyðÞ
o
o
 !" #
¼0
¼ 5
9
y4ð0Þðsin aÞf ;
d
d
3y3ðÞ E oyðÞ
o
 2 !" #
¼0
¼ 3y3ð0Þg2 5
9
sin a;
d
d
y3ðÞG oyðÞ
o
 
¼0
¼ 1
9
y2ð0Þð32g2 sin ayð0Þ þ 8y2ð0Þf sin aþ 81g2r þ 27yð0ÞfrÞ;
d
d
ðy5ðÞðHÞÞ
 
¼0
¼ y5ð0Þ sin a;
d
d
ðy4ðÞF Þ
 
¼0
¼ y4ð0Þrð1 cos2 aÞ;
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d
 "
 r2ððsin a sin Þ2  1Þ cos2 cos2 a 
!#
¼0
¼ 0:Collecting the new terms of the result of the diﬀerentiation of Eq. (44) one arrives at2187
64
y7ð0Þr3

 13
9
y10ð0Þ sin a cos2 aþ 2349
64
y8ð0Þðsin aÞr2 þ 51
4
y9ð0Þr
 51
4
y9ð0Þr cos2 aþ 13
9
y10ð0Þ sin a

f þ 729
64
y8ð0Þr3  729
64
y8ð0Þr3 cos2 a
 27
4
y9ð0Þr2 cos2 a sin aþ y10ð0Þr cos4 aþ 1161
64
y9ð0Þðsin aÞr2 þ 423
64
r4ðsin aÞyð0Þ
þ 729
64
r5 þ y11ð0Þ sin a y11ð0Þ sin a cos2 aþ 31
4
y10ð0Þr  35
4
y10ð0Þr cos2 a ¼ 0: ðB:7ÞThe solution of Eq. (B.7) isf ¼ o
oyðÞ
o
o
" #
¼0
¼ 9 423r
4ðsin aÞyð0Þ þ 729r2ðr3 þ ry8ð0Þ sin2 aþ ðsin aÞy9ð0ÞÞ
y7ð0Þð27r þ 13ðsin aÞyð0ÞÞð27r þ 8ðsin aÞyð0ÞÞ2
 9 16y
9ð0Þðsin2 aÞðyð0Þ þ r sin aÞð4ðsin aÞyð0Þ þ 27rÞ
y7ð0Þð27r þ 13ðsin aÞyð0ÞÞð27r þ 8ðsin aÞyð0ÞÞ2 : ðB:8ÞLet us recall that m ¼ arccosðq0=RÞ and r ¼ q0K1=3.
Now we introduce the boundary condition at the edge of the cone, where the boundary layer
arisesyðmÞ ¼ 0: ðB:9Þ
Here we restrict ourselves by parabolic approximation for the asymptotic expansion of the
solution y of the diﬀerential equation of the boundary layer (44) in the formyðÞ ¼ yð0Þ þ gþ 1
2
f 2: ðB:10ÞEq. (B.9) for the parameter yð0Þ is an algebraic equation of high order, which has no explicit
solution. So we expand the equation in Taylor series with respect to the variable z ¼ yð0Þ sin ar . The
analysis of the series gives the condition of a possibility to cut the expression and to rest only the
ﬁrst terms it. Therefore we consider such values of parameters that 1
2
yð0Þ sin a r: In this region
one has in the ﬁrst approximationg ¼ 1
3
r
y3ð0Þ ; ðB:11Þ
f ¼  1
3
r2
y7ð0Þ : ðB:12Þ
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
þ 1
3
r
y3ð0Þ 
1
6
r2
y7ð0Þ 
2

¼ arccosðq0=RÞ
¼ yð0Þ  1
3
r
y3ð0Þ arccosðq0=RÞ
 1
6
r2
y7ð0Þ arccos
2ðq0=RÞ ¼ 0;and nexty8ð0Þ  1
3
r arccosðq0=RÞy4ð0Þ 
1
6
r2 arccos2ðq0=RÞy8ð0Þ 
1
3
r arccosðq0=RÞy4ð0Þ
 1
6
r2 arccos2ðq0=RÞ ¼ 0: ðB:13ÞIntroducing the new variableZ ¼ y4ð0Þ;
one goes to second order equationZ2  1
3
r arccosðq0=RÞZ 
1
6
r2 arccos2ðq0=RÞ ¼ 0:The solution has two roots, the ﬁrst one is negative, hence non-physical, and the second is
positiveZ ¼ 1
2
1
6

þ 1
6
ﬃﬃﬃ
7
p 
r½p 2 arcsinðq0=RÞ: ðB:14ÞFrom Eq. (B.14) it follows that the boundary layer thickness at the point ð ¼ 0Þ isyð0Þ ¼ Z1=4 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1
2
1
6
þ 1
6
ﬃﬃﬃ
7
p 
r½p 2 arcsinðq0=RÞ4
s
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